Abstract We analyze a known version of the discrete Wigner function and some connections with Quantum Iterated Funcion Systems.
Discrete Weyl relations
This section follows parts of [3] 
where σ(n, m) := n 1 m 2 − n 2 m 1 .
When normalized, the discrete Weyl operators form an orthonormal base for M N (C). In fact, using (2) and (4), we have 
This allows us to obtain tr(W * N (n)W N (m)) = N δ n,m (8) and therefore for all A ∈ M N (C),
where Z
Introduction to the Wigner function
This section follows parts of [10] . Given a quantum system, we are interested in obtaining another form of representing the wave function Ψ (x). Such object will be the Wigner function, which will depend on two variables, moment and position. In order to understand such functions, we need to study the structure of phase spaces.
The Wigner function consists of a special way of describing density operators. In principle, we could say that density operators are a more fundamental structure than its Wigner representation. For instance, the Wigner representation is unable to describe the density operators associated to two-level systems. However, due to its simplicity, we will see that an understanding of the Wigner distribution gives us insight on certain aspects of density operators.
Definition 1 Given a wave function Ψ (x), the Wigner distribution function is
W (q, p) = W Ψ (q, p) := 1 2π
where above we are using Dirac notation
Define the change of coordinates
and then we obtain
That is, the Wigner distribution is obtained by calculating the product Ψ (x ′ )Ψ * (x) and then applying the Fourier transform on s = x − x ′ . Such distribution has the following properties:
whereΨ is the moment representation of the wave function Ψ .
The Wigner function is real, but can assume negative or positive values. In this sense, it is not a density, but it is a kind of joint distribution of the position and momentum distributions. Now, note that (14) can be written as
where we define the density operator associated to a pure state as
The general definition for ρ includes pure and mixed states:
where p i ≥ 0 and i p i = 1. Such equation describes ρ as an incoherent superposition of pure state density operators |Ψ i Ψ i |, where Ψ i is a wave function, but not necessarily an energy eigenstate. On equation (21) the p i denote the probabilities of finding the system on the state |Ψ i .
Hence, besides the usual probabilistic interpretation for finding a particle described by a certain wave function at some position, we also have a probability distribution that such a particle can be found in different states.
♦

Discrete Wigner function
This section follows parts of [7] and [11] . In dimension 1, the continuous Wigner function is in 1-1 correspondence with a density matrix ρ and is defined by
Such function is uniquely defined by the following properties: [7] , [11] :
If ρ 1 and ρ 2 are two density states then
3. (Projection property) The integral along a line on phase space, described by a 1 q + a 2 p = a 3 , is the probability density that the measurement of the observable a 1Q + a 2P gives a 3 as a result.
Remark Note that the Wigner function is always associated to a density matrix. It would be more appropriate to use the notation W ρ instead of W . When there is no possibility of confusion we will denote W . The projection property stated above means, in other words, that the projection of the Wigner function along any direction of the phase space is equal to the probability distribution of a certain observable a 1 q + a 2 p, associated to that direction. Two special cases of this property are well-known:
is the probability distribution for the moment, and W (q, p)dp
is the probability distribution for position. For more details on these properties, see [11] .
♦
We can write W as the expected value of a Fano operator, so we have
whereÂ can be written aŝ
Also we can writeÂ asÂ (q, p) = 1 π DRD *
where above we writeD =D(q, p) andR is an operator acting on positive eigenstates such thatR|x = | − x .
The proof that W satisfies properties 1 to 3 stated above follows from simple phase space properties. The fact that W (q, p) ∈ R is a consequence of the fact thatÂ(q, p) is hermitian. As for property 2, we can show that
As a consequence, it is possible to invert equation (26) so we can write
Property 2 follows from the formula above. As for property 3, note that by integratingÂ(q, p) along a line on phase space gives us a projection operator. Therefore
where |a 3 is an eigenstate of the operator a 1Q + a 2P with eigenvalue a 3 . Later we will describe the proof of this property for the discrete case.
Now we are interested in defining the Wigner function in the discrete case. The first step is to define a discrete phase space. Consider a Hilbert space of dimension N and define a base B x = {|n , n = 0, . . . , N − 1}, which will be seen as a discrete position base. Now we define a base of moments
A natural way of introducing the moment base from the position base is via the discrete Fourier transform. Then we can obtain the states of B p from the states in B x in the following way:
Therefore, as in the continuous case, position and moment are related by the Fourier transform.
Remark We can relate the dimension of the Hilbert space with the Planck constant in the following way. We are supposing that the phase space has a finite area, which we can suppose equal to 1. In this area we can have N orthogonal states. If each state fills an area equal to 2π , we have N = 1/2π . So N plays the role of the inverse of the Planck constant and the limit as N goes to infinity can be seen as the semiclassical limit [7] .
Given position and moment bases, we can define their respective displacement operators. For discrete systems, we can define translation operatorsÛ andV , in a way which is similar to what we have in (1) and (2), section 1:
where the vector sums are mod N . In a similar way the operatorV is a shift on moment base, and it is diagonal on positions:
Then it is possible to show that
the discrete Weyl relations (3), seen on section 1. Let us also define a reflection operator asR|n := | − n . We have that
The reflection operator is related to the Fourier transform in the following way. Denote by U F T the discrete Fourier transform, that is the operator whose entries on base B x are
In order to define the discrete Wigner function, we still have to define a translation operatorT and a point operatorÂ, corresponding to the Fano operator defined in the continuous case. This is what we will do next. Definê
Remark In R 2 we define the translation operator with position q and moment p asT (q, p) = e
Instead of definitions (35) and (36) given forÛ andV we could, in principle, defineÛ andV as the exponential of two operatorsQ andP , defined as being diagonal in B x and B p . However, infinitesimal operatorsQ andP satisfying the canonical commutation relations (CCR) cannot be defined over a discrete Hilbert space [4] , [11] . Because of that we will use the finite cyclic shifts, given by (35) and (36).
Remark Due to technicalities, the phase-space can be taken to be a N ×N or a 2N × 2N grid [7] . Typically we will be interested in phase spaces with even dimension and we will use the 2N × 2N grid (for instance, if N = 2 the phase space has 16 points). Our following definitions will follow this choice as well.
Let α = (q, p) be a point of the discrete phase space, with q and p assuming values between 0 and 2N − 1. Definê
(44) We can express the translation operator in terms ofÂ(α) by inverting the above definition and then we obtain the Fourier transform ofÂ:
Note that as we defined the point operators over a lattice of 2N × 2N points, we get a total of 4N 2 operators. However, such set is not independent. That is, we can show that
for σ q , σ p = 0, 1. So we have that N 2 operators define the remaining ones. Define
And the set G 2N will denote the entire lattice of order 2N .
A relation betweenÂ andT is the following:
By taking the trace of the above equation we get
where α and α ′ are in G N and
is the periodic Dirac delta function, which is equal to zero unless q ≡ 0 mod N .
Definition 2 The discrete Wigner function is
where α ∈ G 2N .
These 4N
2 values are not independent because in a similar way to what we have for the operatorÂ, we havê
for σ q , σ p = 0, 1. As the operatorsÂ(α) form a complete set, we can write the density operator as a linear combination of theÂ(α). So we can show that
Remark It is possible to show that the discrete Wigner function defined above satisfies properties 1 to 3 stated in the beginning of this section. Property 1 is a consequence of the fact thatÂ(q, p) are hermitian operators. Property 2 follows from the completeness of the setÂ(α), which allows us to show
The proof of the third property requires a brief analysis of the lattice G N and we refer the reader to section 21 for details.
♦
Conclusions We have defined the Wigner function for systems over a Hilbert space of dimension N < ∞. The Wigner functions is defined as the expected value of the operatorÂ(α) defined over the phase space given by equation (44). The definition is such that W (α) ∈ R and is such that we can calculate the inner product between states and gives the correct marginal distributions along any line over the phase space, which is the lattice G 2N with 4N
2 points. Also, the values of W (α) on the sublattice G N are enough to determine W in the entire space.
♦ 4 Calculating Wigner functions
In order to calculate the Wigner function of a quantum state, we will use (35), (36) and (44) se we can write W in the following convenient form:
Proof In the following calculations, recall that the inner product is linear on the second variable. We have that
Hence,
We believe there is a misprint in [7] in the expression corresponding to the W (q, p) described by the claim of the above lemma.
One can ask how W ρ changes with ρ. Suppose first ρ is a projector from a wave ψ which has norm 1 in L 2 . Suppose (aφ 1 +bφ 2 ) = ψ, where ψ, φ 1 , φ 2 have norm 1, and ρ = |ψ >< ψ|. Then, W ψ = aW φ1 + bW φ1 . The linearity occurs only when ρ = i c i |i >< i|, that is, when ρ is diagonal. This in general do not happen for operators |ψ >< ψ| induced by a wave ψ. However, if ρ = (aρ 1 +bρ 2 ), where ρ, ρ 1 , ρ 2 are density matrices, then W ρ = aW ρ1 +bW ρ2 .
Example 1 Let N = 2, and let |ψ = a|0 + b|1 be a state superposition. Let W 1 (α) and W 2 (α) be the Wigner functions for |0 and |1 , respectively. We have that the Wigner function W for |ψ is such that
In fact, note that
so the result follows.
♦
Let us remark a few properties of the Wigner function for a pure state ρ. In this case by expanding ρ in terms of the phase space operators as in equation (52) and by imposing the condition ρ 2 = ρ, we get
where the function Γ (α, β, γ), which depends on 3 points (i.e., a triangle) is given by
of 2 of the 3 point (α, β, γ) contain even q and p coordinates. Otherwise we define Γ (α, β, γ) := 0,
and in the above expression, valid for even N , the value S(α, β, γ) is the area of the triangle formed by these points (measured in units of the elementary triangle formed by 3 points which are one position apart from each other).
Now we calculate the Wigner function for a position eigenvalue
We obtain the following closed expression for W :
We can also write the Wigner function of a state which is a linear superposition:
Again, we can obtain a closed expression for W , which is
where the interference term is
This is an explicit expression for the calculation seen in example 1.
Now we make a few considerations on the time evolution of quantum systems on phase space. If U is the unitary operator which determines the evo-lution of a state, then the associated density matrix evolves in the following way,
By this fact, we can show that the Wigner function evolves in the following way:
where the matrix Z αβ is defined as
Therefore the time evolution in phase space is represented by a linear transformation, which is a consequence of Schrödinger's equation. The unitarity imposes a few restrictions on the matrix Z αβ . In fact, since purity of states is preserved, the time evolution has to preserve the restriction given by equation (56). Therefore, the matrix has to leave the function Γ (α, β, γ) invariant, that is,
The real matrix Z αβ contains all the information on the time evolution of the system. In general, such matrix relates a point α with several other points β.
So the evolution will be, in general, nonlocal, a unique property of quantum mechanics. In classical systems, the value of the classical distribution function W (α, t + 1) is equal to the value W (β, t) for some point β, which consists of a well defined function of α and t. However, we have in [7] a few examples of unitary operators which generate a local dynamical evolution on the phase space.
To conclude this section, we calculate the Wigner function for a quantum channel Λ, as the ones considered for our analysis of QIFS. This is a straightforward calculation. Let V i be linear operators, i = 1, . . . , k such that
Writing ρ = N −1 j=0 ρ j |j j|, j ρ j = 1, we get
Therefore the Wigner function of Λ(ρ) is obtained in a simple way from the function for ρ.
some properties of the discrete Wigner function
We have seen in section 3 that the discrete Wigner function
satisfies properties 1 and 2. Now let us prove property 3. Let ρ = i p i |i i|, 
To prove property 3, we must show that as we sum the operatorsÂ(q, p) over the point of the phase space which lie over a line L, we obtain a projection operator. This implies that by summing the values of the Wigner function over all the points of a line we get a positive number, which can be interpreted as a probability.
We begin by defining a line on the phase space. A line L is a set of point of the lattice, defined as
Also, we say that two lines as parallel if they are parameterized by the same integers n 1 and n 2 . Now, let us show that as we sum the point operators A over a line, we get projection operators. So we are interested in the operator
n=0 e −2πiqn/N , we can rewrite such operator as
where we use the Fourier transform ofÂ to obtain the last equality. Sincê T is unitary, we have N eigenvectors |φ j with eigenvalues exp[−2πiφ j /N ]. Besides, such operator is cyclic and satisfiesT N = I. Therefore as its eigenvalues are N − th roots of unity, the φ j are integers. So we can rewrite (75) asÂ
Hence we have thatÂ L is a projection operator over a subspace generated by a subset of eigenvectors of the translation operatorT (n 1 , n 2 ).
if n 3 is even, and equal to zero otherwise.
♦
More precisely, we have the following proposition:
Proposition 1 Let N be even and let ρ be a density operator. Then
Proof First, to see why the case q odd implies that the Wigner function equals zero, consider the expression for W given by
Write ρ = j c j |j j|, c j > 0. Then
which is = 0 if and only if j = q − n = n for some j. In particular, in order to have a nonzero inner product above, we must have that q is even, because q − n = n implies q = 2n. Now suppose that q = 2q 0 . By the analysis above, we see that in the sum of the terms forming the Wigner function (eq. (78)), we only have to sum the indices such that the equation
is satisfied (recall that all calculations are made modulo N). Such equation has two solutions, namely n = q 0 and n = q 0 + N/2. To see that there are no other solutions for (80), we proceed in the following way. From 2q 0 − n = n we get 2(q 0 − n) = 0. We know that n = 0 and n = q 0 + N/2 are solutions. Also, note that x = 0 and x = N/2 are solutions of 2x = 0. Now, if y is a solution of 2x = 0 then y − N/2 also is. Clearly if y is an element between 0 and N/2 then 2y will be at most equal to 2N − 2, hence 2y = 0. Finally, let y be an element between N/2 and N and by contradiction suppose that 2y = 0.
Then by the remark above we have that z = 2y − N/2 is also a solution and z is between 0 and N/2. But there are no solutions for 2x = 0 between 0 and N/2. This shows that 2x = 0 admits only the solutions stated above.
Now note that if n equals
If n = q 0 + N/2, we have that the exponential above is equal to ±1, being positive or negative if p is even or odd, respectively. Therefore, for N even and q = 2q 0 , we have
where the sign ± depends on p. For fixed q and considering all possible p (i.e., p = 0, . . . , 2N − 1), we have that the second inner product above will have a plus sign in front of it in the N possibilities in which p is even and will have a negative sign in the N remaining possibilities. So
This concludes the proof.
Corollary 1 If q is odd then W ρ (q, p) = 0, for any p and any ρ density operator.
Proof Follows from the first paragraph of the proof above.
for p = 0, . . . , 2N − 1.
Let φ be the W -transform of ψ, and let F ψ be the discrete Fourier transform of ψ.
Question:
Answer For N = 2 and ψ = |0 or |1 , the answer is yes. In fact, let |ψ = |0 = (1, 0). Then
And
Therefore in this case
Now let |ψ = |1 = (0, 1). Then
Now let us write an example in which the state considered is mixed. Let
. Now let us calculate φ(p), p = 0, 1. By definition, we have φ(p) = q W ψ (q, 2p). We can use the expression (62):
Then
♦ Inspired in the calculation above, we prove the following lemma, valid for pure states only. After that, we will prove the result for density operators.
Proof We have 2p) . By the corollary 1, we only have to sum the even q. Then φ(p) = N −1 q=0 W |m (2q, 2p). By proposition 1 we get, using expression (82), that
where the sign of the second inner product is positive because 2p is even. Now note that only one of the inner products above can be nonzero, because ρ is pure, by assumption. Moreover, ρ pure implies that such inner products are equal to 1. Finally, since q varies between 0 and 2N − 1 we have exactly two nonzero terms in the sum of φ(p) namely, the terms corresponding to the m and m + N/2 indices. Hence,
The following result, inspired in the previous one, completes proposition 1, which related the discrete Wigner function with the base of position vectors. Now we do the corresponding work for the basis of momentum vectors. 
where the sign of the second inner product is a plus because 2p is even. Write ρ = i c i |i i|. Take, for instance, q = 0. Then
As we know, W ρ (1, 2p) = 0. Take q = 2, then
and so on (noting that we always have zeroes when q is odd). In this way, we end up summing all c i coefficients c i twice (because q varies between 0 and 2N − 1) and we get that
By the calculation above, we only have to calculate p|ρ|p and show that such number equals 1/N . Recall that the inner product we consider is linear on the second variable, so we write ρ = m c m |m m| and then:
Conclusion By propositions 1 and 2 we have for the discrete Wigner transform that if N is even and ρ is a density operator then
and if
Such expressions are the discrete analog of the result we have for the continuous Wigner function, namely the result that relates the marginals with the Fourier transform F : if ρ = |ψ ψ| then
See [5] for more details. 
What occurs in general for pure states: the Wigner function W |q0 q0| is zero except in two lines, located in q ≡ 2(modN ). When q = 2q 0 , W assumes the value 1/2N , and when q = 2q 0 ± N , W assumes the value 1/2N for even values of p and −1/2N for odd values. Such oscillations are typical of interference fringes and can be interpreted as arising from the interference between the line q = 2q 0 and a mirror image formed at a distance of 2N from 2q 0 , induced by the periodic boundary conditions [7] .
Remark 2 The fact that the Wigner function assumes negative values in the interference line is essential for one to be able to recover the correct marginal distributions. Summing the values W (q, p) along a vertical line gives us the probability of measuring q/2, which should be equal to 1 if q = 2q 0 , and equal to zero, otherwise.
♦
A natural question is to try to understand the action of the operator which defines QIFS in the dual variables p. This is the purpose of the next results. Proof First, note that F −1 (ρ) = F * ρF . Also F is unitary, therefore we have 
In this case we have F −1 = F . Let 
